Chapter 14

FACTORISATION
Jm/:'

You know that the product of 5x? and 2x — 3y = 5x%(2x — 3y) = 10x® — 15x%y. We say that
5x* and 2x — 3y are factors of 10x® — 15x%y. We write it as

10x% — 15x%y = 5x%(2x — 3y).

Similarly, the product of 3x + 7 and 3x — 7 = (8x + 7) (8x — 7) = 9x% — 49; we say that
3x + 7 and 3x — 7 are factors of 9x2 — 49. We write it as

Ox* —49 =Bx +7) Bx - 7).

Thus, when an algebraic expression can be written as the product of two or more expressions,
then each of these expressions is called a_factor of the given expression.

To find factors of a given expression means to obtain two or more expressions whose
product is the given expression.

The process of finding two or more expressions whose product is the given expression is
called factor_z_gg_tmn

Thus, factorlsatmn is the reverse process of multiplicafion.

For example :

Product Factors
(i) Txy (bxy — 3) = 35x%y% — 21xy 35x2y% — 21xy = Txy (bxy — 3)
(ii) (4a + 5b) (4a — 5b) = 16a? — 25b* N, 16a® — 25b% = (4a + 5b) (4a — 5b)
(i) p+3)(p-T7=p%>—4p - 21 (N~ pP—-4p-21=(p+3) (p-17)
(iv) (2x + 3) (8x — 5) = 6x2 — x — 15 6x2 —x — 15 = (2x + 3) (8x — 5)

In the previous class, you have already learnt the factorisation of polynomials by the
following methods :

» Taking out common factors

* Grouping

e Difference of two squares by using a® — b* = (@ + b) (a — b)

In this chapter, we shall review the above methods and solve some tougher problems. We
shall also find factors of trinomials of the type

(i)x2+px+q,wherep,qu A _( i
(u)a.x2+bx+c where a, b, c € N. AN 7

a——

Before takmg up factorisation, we would like to introduce the concept of!H C. F?

H.C.E. of two or more polynomials (with integral coefficients) is the largest common factor
of the given polynomials.

s %ﬁf two orrhore monomials = (H.C.F. of their numerical coefficients) x
| (H.C.F. of their literal coefficients)

ts = product of each common literal raised to the
' lowest power
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Here it is understood that the numerical coefficients of the monomials (under consideration) are
integers and the powers of the literals involved in the monomials are positive integers.

For example :
() H.C.F. of 6x%y? and 8xy° :
H C.F. of numerical coefficients = H.C.F. of 6 and 8 = 2
H.C.F. of literal coefficients = H.C.F. of x%* and xy*
= product of each common literal raised to the lowest power = xy?
H.C.F. of 6x%? and 8xy® = 2 x xy? = 2xy*.
(ii) H.C.F. of 15a%b2c?, 12a*bc* and 18a°b’c* :
H.C.F. of numerical coefficients = H.C.F. of 15, 12 and 18 = 3
H C.F of literal coefficients = H.C.F. of a3b%?, a’bc* and a®b’?

= product of each common literal raised to the lowest power = a’bc?
\op -, H.C.F. of the given monomials = 3 x a®bc® = 3a’bc”.

If the different terms/expressions of the giwenpolynomial have common factors, then the
given polynomial can be factorised by the following procedure :

(i) Find the H.C.F. of all the terms{@xpressions of the given polynomial.

(ii) Divide each term /expression of ‘the given polynomial by H.C.F. Enclose the quotient
within the brackets and keep. the common factor outside the bracket.

Factorise the following polynomials :
(1) 24x3 — 32x* (ii) 15ab? — 21a®b (7ii)14x2y2 — 10x2%y + 8xy™.
Solution. (i) H.C.F. of 24x® and 32x* is 8x”
24x% — 32x2 = 8x%(3x — 4).
(i) H.C.F. of 15ab? and 21a?b is 3ab
15ab% — 21a?b = 3ab(b5b — Ta).
(iit) H.C.F. of 14x2y?, 10x?*y and 8xy?* is 2xy
14x%y% — 10x%y + 8xy? = 2xy(Txy — bx + 4y).

Factorise the following :

(i) 3x(y + 2z) + baly + 22)
(ii) 10(p — 29)* + 6(p — 2¢)? — 20(p — 2q).
Solution. (i) H.C.F. of the expressions
3x(y + 22) and 5a(y + 22) is y + 22 outs
3x(y + 22) + ba(y + 22) = (y + 22) (3x + 5a)
(ii) H.C.F. of the expressions 10(p — 2q)° 6(p — 2g)? and 20(p — 2q)
is 2(p — 2q)
10(p — 29)° + 6(p — 2¢9)* — 20(p — 2q)
= 2(p — 2q) [5(p — 29)* + 3(p — 2¢) — 10].
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__FACTORISING BY GROUPING OF TERMS

When the grouping of terms of the given polynomiakgives rise to common factor, then
the given polynomial can be factorised by the follaWing procedure:

(1) Arrange the terms of the given polynom@’groups in such a way that each group

has a common factor. %
(ii) Factorise each group. \
E (iit) Take out the factor which is com to each group.
Note. Factorisation by grouping 1 ible only if the given polynomial contains an even

number of terms.

Factorise the following polynomials :

. (i) ax — ay + bx — by (ii) 4x® — 10xy — 6xz + 15yz.
[ Solution. (i) ax — ay + bx — by = (ax — ay) + (bx — by)
=alx —y) + blx —y)

=(x —y) (a + b).
(ii) 4x® — 10xy — 6xz + 15yz = (4x% — 10xy) — (6xz — 15y2)
= 2x(2x — 5y) — 3z(2x — 5y)
= (2x — 5y) (2x — 32).

M Factorise the following polynomials :
(@) x° + 2x* + x + 2 (ii) 1 + p + pq + p%q.
ﬁt)x“+2x’+x+2 = +2¢?) + (x + 2)
=x%x + 2) + 1(x + 2)
: =(x + 2) (x2 + 1).
(i) 1 .'Iiwy +pq + p’q = (1 + p) + (pq + p’q)
- =11 +p) + pg(1 + p)
=1 +p) (1 +pg)
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Example 3. Factorise the following expressions :

(i) xy — pq + qy — px (ii) a® + bc + ab + ca
(iii) ab(x® + y?) + xy(a® + b?).
Solution. (i) Since xy and pg have nothing in common, we do not group the terms

in pairs in the order in which the given expression is written. Here
we interchange —pg and —px.
xy — pq + qy — px = (xy — px) + (@y — pq) = 2y —p) + ¢y - p)
=(y-p) @& +q). E RN e AT
(ii) a® + bc + ab + ca = a* + ab + bc + ca ok b
=ala + b) + cb + a)
=a(a+b)+cla+b)
= (a + b) (a + o).
(iii) ab(x® + y?) + xy(a? + b?) = abx? + aby® + a’xy + b*xy
= (abx? + a*xcy) + (aby? + bxy)
= ax(bx + ay) + by(ay + bx)
= ax(bx + ay) + by(bx + ay)
= (bx + ay) (ax + by).

SELICE N Factorise the following expression &
(i)ax+by+bx+az+ay+bz(¢ (ii) p® —3p%* + 2p — 6 — pg + 3¢
(il) x®* —x*+ax +x —a \‘b’ (iv) px —y)? — qy + gx + 3x — 3y.

Solution. (i) ax + by + bx + az -Pé+ bz = (ax + ay + az) + (bx + by + bz)
=a(x+y_-|-z)+b(x+y+z)

Nt G
0 =(x+y+2)(a+b).

(i) p® — 3p? +%—6—pq +3q = (p?—3p? + (2p — 6) + (—pg + 3q)
=p>(p-3)+2p-3)-q (p-3)
=(p-3) @*+2-q).

Gii)x* —x?+ax+x—-a—-1=@@*—x%+(ex—a) + (x-1)

=x2x -1 +alx-1)+ 1x—-1)
=(x—-1) x®*+a + 1)

(iu)p(x—y)z-qy+qx+3x—3y=p(x-—y)2+(qx-—qy)+(3x—3y)
=plx —y)?+qlx—-y) + 3(:::'— y)
=(x-v) [plx —y) +q + 3l




When the given polynomial is expressible as the difference of:wu squares, then it can
be factorised by using the formula

a’-b'=(a+b) (a-
EXTIERD Factorise the following polynomials

9

(i) 25a® - 64b* (i) ~x?- 2Ly2
25 49
Solution. (i)250’-64b’-(50}'—(86}’-(5$(5a—86).
T 9 Ntede A 3 2 3
 go- 3o (3 - (] I 30) (25 3)

Factorise the following pol 8:

(i) 9a - 2b)* - 16(2a = (ii) 16y* -
(i) %a - 2b) - 16@6 ) = [8(a - 2b))* - [4(2a - 3b))?
Q = (3a - 6b)* — (8a - 12b)
‘0 =[(3a - 6b) + (8a - 12b)] [(3a - 6b) - (8a — 12b)]
| = (11a — 18b) (6b - 5a).
%% (ii) 16y° — 4y = 4y(4y? - 1) = 4y[(2y)* - 17
y = 4y(2y + 1)2y - 1).
Factorise the following polynomials:

(i) 1 - 25(2x - 3y)* (i1) 7(3x — 4y)* — 28(2x — y)*

(iii) 4x* — y* + 6y - 9.
(i) 1 - 25(2x - 3y)* = 1* - (5(2x - 3y))?
= [1 + 5(2x - 3y)] [1 - 5(2x - 3y)]
. = (1 + 10z - 15y) (1 - 10x + 15y)
™ mﬂ& 4y)* - 28(2x - y»
‘R | =7 [(3x - 4y)* — 4(2x - y)*]
e =7 [(3x - 4y - (2 (2x - y))]
| =T7[(8x - 4y) + 2 (2x — y)] [(3x - 4y) — 2(2x - y)]
=T7(3x -4y + 4x — 2y) (3x - 4y — 4x + 2y)
=7(7x -6y) (—x — 2y) = -7 (7x - 6y) (x + 2y).
.mr -6y +9) =(2x) - (y - 37
[2c + (y - 3)] [2x - (y - 3)]
.ﬁ:u 3)(2x -y + 3).
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Example 4. >, Factorise the following :

(i) 16a* — Eli (ii) 3x° — 48x (iii) a?h? — a? — b% + 1. '
: ; 1 1y ey 5o XY a2 . L
Solution. (i) 16a* — = = (4a%) - (.9-]2 L [40: + 9] (4.:.-, 9]

- (40t 2) ]2 - (3) ] = (40 +5) (2 +5) (22 -5);

(ii) Sx® — 48x = 3x(x* — 16) = 3x[(x?)? — (4)?]
=3x(x+4) (x2—4) = 3x(x* + 4) (x + 2) (x = 2).
(Gii) a?b? — a2 — b2+ 1 = (@??—a?) - b*+ 1
=a?(B2-1)-1@®2-1)=(®%2-1) (@®>-1)
=b+1)B-1)(a+1)(@-1).

Example 5. _/ Evaluate :

(i) (501)2 — (499)* (ii) (99-9)2 — (0-1)2
Solution. i) (501)2 — (499)% = (501 + 499) (501 — 499)
= 1000 x 2 = 2000.
(ii) (99-9)2 — (0-1)? = (99:9 + 0-1) (99.5?0-1)

- 100 x 99-8 = @9
R
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" FACTORISING OF TRINOMIALS

ase I) When the trinomial is of the form x*> + px + g, where p and g € N :
t ®+px+q=x+a)x+b)=x*+(a +b)x + ab.

Thus, if we want to factorise the trinomial of the form x? + px + ¢, we need to find two
‘ integers @ and b such thata + b = p and ab = q.

Therefore, split p (the coefficients of x) into two parts such that the algebraic sum of
t parts is p and their product is q

Case I When the trinomial is of the.-form-ax®.+ bx + ¢, where a, b and c € N :
We want to find two integers A and B such that
A+ B =b and AB = ac.

Therefore, split b (the coefficient of x) into two parts such that the algebraic sum of these
two parts is b and their product is ac.

SET RN Factorise the following trinomials :

(i) x>+ bx + 6 (i1) x* — 9x + 20
(ii1) x* + 2x — 63 (iv) y* — 16y — 105.
Solution. (i) We want to find two integers whosg,sum is 5 and product is 6. By

trial, we see that 2 + 3 = 5 and 248 = 6
2 +5x+6=x*+2x+3x 6
=x(x + 2),+8(» + 2)
= (x + 2)laH 3).

(ii) We want to find twosintégers whose sum is —9 and product is 20. By
trial, we see that (@¢)+ (-5) = -9 and (-4) (-5) = 20

x2 — 9x + 20 &% — 4x — 5x + 20 = x(x — 4) — 5(x — 4)
i
= (x—4) (x — ).

(iii) We want to find two integers whose sum is 2 and product is —63. By
trial, we see that 9 + (-7) =2 and 9 x (-7) = —-63

2+ W —63 =x2+9x—-—Tx-63=x(x+9)—-Tx+9)
=(x+9) (x-="17).

(jv) We want to find two integers whose sum is —16 and product is —105.
By trial, we see that (-21) + 5 = —16 and (-21) x 5 = —105

y? — 16y — 105 = y — 21y + 5y — 105 = y(y — 21) + 5@y — 21)

Use grouping method

=(y —21) (y + 5).
Factorise the following trinomials :
(i) 3x% — 10x + 8 (i) 2p?% - 17p - 30.
Solution. (i) We want to find two integers whose sum is —10 and product is 3 x 8

l.e. 24.

By trial, we see that (-6) + (—4) = —10 and (-6) (-4) = 24

o 342 _10x + 8 = 3x%2 - 6x — 4x + 8 = 3x(x — 2) — 4(x — 2)
|4 " ' = (x—2)(8x — 4).

(ii) We want to find two integers whose sum is —17 and product is 2 x
(—30) i.e. —60.




Solution.

.....

Factorise the following expressions:

By trial, we see that (-20) + 3 = =17 and (-20) x 3 =-60
op® — 17p — 30 = 2p* — 20p + 3p — 30
= 2p(p — 10) + 3(p — 10)
=(p - 10) (2p + 3).

(i) 2x2 + 13xy —24y% (i1) 15(x — 2y)*> — 8(x — 2y) — 16
(i) We want to find two integers whose sum is 13 and product is
2 x (—24) i.e. —48. |
By trial, we see that 16 + (-3) = 13 and 16 x (-3) = —48
2x2 + 13xy — 24y? = 2x? + 16xy — 3xy — 24y*
= 2x(x + 8y) — 3y(x + 8y)
= (x + 8y) (2x — 3y).
(ii) Let x — 2y = p, then |
15(x — 2y)? — 8(x — 2y) — 16 = 15p* — 8p — 16.
We want to find two integers whose sum is —8 and product is
15 x (—16) i.e. —240.
By trial, we see that 12 + (-20) = —8 and 12 x (-20) = —240
15p% — 8p — 16 = 15p* + 15&‘20;} — 16
= 3p(5pe —4(5p +4) = (5p + 4) (3p — 4).
Substituting p = x - % get
15(x — 2y)? — 8(x —.2)% 6 = [6(x — 2y) + 4] [3(x — 2y) — 4]
s& = (5x — 10y + 4) (3% — 6y — 4).
.
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w When an algebraic expression can be written as the product of two or more expressions,
then each of these expressions is called a factor of the given expression.

w To find factors of a given expression means to find two or more expressions whose
product is the given expression.

\] w The process of finding factors of the given expression is called factorisation.
9‘,' w H.C.F. of two or more polynomials is the largest common factor of the given
fl polynomials.
w You have learnt the factorisation of polynomials by the following methods :
O Taking out common factors
Q Grouping

@O Difference of two squares by using a®> — b = (a + b) (a — b)
w To find factors of the trinomial x*> + px + g, where p and g € N :

Split b(the coefficient of x) into two parts such that the algebraic sum of these parts
is p and their product is ¢. Then use grouping method.

w To find factors of the trinomial ax® + bx + ¢, where a, b and c € N :

Split b(the coefficient of x) into two parts such thagthe algebraic sum of these parts
is b and their product is ac. Then use groupilé thod.

)

>

ctorise the following (I o 11) polynomi
o126y QQ (i1) 24pq" - 189 ~ 60pg
. P 10(2x — 3) (ii) a(b—¢) (b +c) —d(c - b)
x + 2 g (i) p* — (a + 2b) p + 2ab
FOP-Ax (i) Sa*- 5@+ 30a* - 30a

Lak, VY W [Hint. (ii) 5a is a common factor, first take Sa outside. |
—dp+a(d-c)+3c-3d (if) p* — 16¢?
BB 55 (if) 9x* — 4(x + y)
gB =y e ) 9%~ (P~ 8y + 16)
ST (ii) p* — Tp — 120

PR G o B ) 1507 - 26ab + 8
GRS L NG e — nab?
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