EE=ID SPECIAL PRODUCTS
AND EXPANSIONS

Products of algebraic expressions can be obtained by using distributive laws :
ab+c)=ab +ac —
and (@+b)c=ac+bc —

In this chapter, we shall study some special products and expansions.

i

. SOME SPECIAL PRODUCTS

s (x+a) (x+b)=x*+(a+bx + ab
X Simplifying the left hand side, we get
x+a)x+b)=xx+b) +a(x+b)=x*+bx+ax +ab
=x2+(ax +bx)+ab=x*+(a+b)x +ab
. (x+a)(x-b) =2+ (a-b) x-ab
Simplifying the left hand side, we get
x+a)(x—b)=xx->b)+a (x—>)=x*—buPax —ab
= x2 + (ax — bx) —ab = x? + (@ b) x — ab
Aliter : Using the product 1, we get
(x +a)(x—>0) = +a)lx + (=b)] =2x% [a + (-b)] x + a X (=b)
=x2 + (@ — b) x —.db"
3. (x-a) (x +b) = - (a - b)x £ab
Using the product 1, we get
(x—a) (x +b) =[x + (—a)] % b) =x% + [(—a) + b] x + (—a) X b

/ =x*—(a—-b)x—ab
4. (x -a) (x-b) =x*-(a + b)x + ab
Using the product 1, we get
(x—a)(x-0) =[x+ (a)l [x + (=b)] =«% + [(-a) + (-6)] x + (—a) x (=b)
=x2—(a+b)x + ab

m Using the product (x + a) (x + b) = x* + (a + b) x + ab, simplify the

following :
(@) (x+7) (x + 12) (ii) (y + 3) (y — 8)
(zii) (s = 5) (s + 9) (iv) (p — 6) (p — 13).
Solution. G) x+Tx+12) =22+ (T+12) x + 7T x 12

= x? + 19x + 84.

(i) (y +3) (y—8) =@ +3)[y+(=8)]
=y24+[3+(-8)]y+3x(-8)
= y? — By — 24.

(iii) s —4) (s +9) =[s+(-4)](s+9)
=52+ [(—4)+9]ls+(-4)x9
= 82 + bs — 36.
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(iv) (p — 6) (p — 13) = [p + (=6)] [p + (-13)] e sl
= p2 + [(=6) + (<13)] p + (—6) x (-13) a0
=p?-19p + 78. [
Example 2. Find the following products :
(i) 3x +5) (4x - T) (i) (4x — 3y) (5x + 6y)
(iii) (5a? — 4b?) (3a® — 7b?) (iv) (x + 2) (2x — 3) (3x + 2).
Solution. (i) Bx +5) (4x —T7) =3x (4x —7) + 5 (4x = 7)
= 12x2 — 21x + 20x — 35
= 12x? — x — 35.

(ii) (4x — 3y) (5x + 6y) = 4x (5x + 6y) — 3y (5x + 6y)

= 20x% + 24xy — 15xy — 18y>
= 20x? + 9xy — 18y2.

(iii) (5a? — 4b?) (3a2 — Tb?) = 5a*3a® — 7b?) — 4b%(3a® — 7b?)
= 15a* — 35a%b? — 12a%b® + 28b*
= 15a* — 47a?b? + 28b*.

Gv) (x +2) 2x—3) Bx +2) = (x +2) [2x (8x + 2) — 3 (3x + 2)]

=(x + 2) (6x* + 4x — 9x — 6)

= (x + x? — bx — 6)

= ¢Q~5x—6)+2(6x2—5x—63
— 5x% — 6x + 12x%2 — 10x — 12

6a
. xabﬁxa + Tx2 — 16z — 12.
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. 5. Product of sum and difference of two terms

(@+b) (@a-b)=a’-b =
Simplifying the left hand side, we get
(@+b)(@a-b)=a(a->b)+bla-—>b)=a®>—ab+ab - b2 = q? — b2
In words, this result can be stated as :

(1st term + 2nd term) x (1st term - 2nd term)
= (1st term)? — (2nd term)*

Using the product (a + b) (a — b) = a® — b?, simplify the following :

@) (B +Ty) Gx ~ Ty i) [ a+§b) [%a—%b)
i) (Tpq + 11) (Tpg — 11) o) (6 e dzj [6 ¢ + gdﬂ').
Solution. (i) (5x + Ty) (5x — Ty) = (5x)? — (Ty)? = 25x* — 49y2.

(i1) [ a+%b) (%aﬂgb] = (%af L (%b)z . %az i ——b2

(iii) (Tpg + 11) (Tpq — 11) = (Tpq)* - (11)% = 49p?q® — 121.

2
(iv) [6 c? - ;dz] [6e2 + ;?-dz) = (6c2)? &dz) = 36¢ct — %d4.

Find the product of : CJ

() (x +3)(x—3) x*+9) \‘hu) (38p — 2q) (3p + 2q) (9p* + 4q°?).
Solution. @) (x + 3) (x — 3) (x* + % +3)(x—3)] (x* +9)
—32)(x2+9) =x*2-9) x*+9)
(:c:z)2 (9)? = x* — 81.
(it) (3p — 2q) (3qu) (9p? + 4q*) = [(Bp — 2q) (3p + 2q9)] (9p? + 49*)
= [(3p)% — (29)*]1 (9p? + 4g*)
= (9p? — 4q% (9p? + 49°)
= (9p2)? — (4¢?)? = 81p* — 16q¢*.

I UCERPY Using the product (a + b) (a — b) = a? — b2, find the value of :
(1) 507 x 493 (i1) 25-3 x 24-7.
Solution. (i) 507 x 493 = (500 + 7) (500 — 7)
= (500)% — 72 = 250000 — 49 = 249951.
(ii) 25-3 x 24-7 = (25 + 0-3) (25 - 0-3)
— (25)2 — (0-3)% = 625 — 0-09 = 624-91.
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3. (i) (4x + 11y) (4x — 11y) (if) _é—p = g—-q) (%p + Eq)
B o
4. (i) (3 —ab) (3 + ab) (i) h\.15’ + ;) | PiT E
eliiR oo 03 Ao o
s o (5+5)6-3) @ (5+3)E3)
6. @) [3.-::2 - yz) (3}:2 +2 yz) (i) (1-4a — 0:3b) (1-4a + 0-3b)
7. @)+ 2y~ ) (i) 2p +3) 2p —3) (4p° + 9)
8. () (x+a)E-—a)@E+ad) () (x + y2) (x — y2) (& + y°2).
9. Using the product (a + b) (a — b) = a* — b?, find the value of :
" (i) 108 x 92 (ii) 306 x 294
(iii) 10-4 x 9-6 (iv) 14.7 x 153

™

NYAN o~
The result of multiplication of any algebraic expression with itself any number of times
is called the expansion.

For example :
Bx +5)3Bx +5) =3x (8x + 5) + 5 (Bx+ME Ix* + 15x + 15x + 25

= (8x + 5)? = 9x* + 30x + 25
Thus, 9x2 + 30x + 25 is the expansion of(8x # 5)%.

Some special expansions

1. (a + b)? = a® + 2ab + b
Simplifying the left hand side, we get
(@ +bf=(@+b)a+b)=a(a+b)+bla+b)
=a?+ab + ab + b% = a® + 2ab + b?
In words, this result can be stated as :

(sum of two terms)® = (1st term)? + 2 x 1st term x 2nd term + (2nd term)* '

2 2
; 1
In particular, (a + —] —a®+2xax >+ [EJ
g a a
: 2
1 1
= (ﬂ + —] = a? + —5 + S
a a

2. (a - b)? = a® - 2ab + b

" Simplifying the left hand side, we get

@-b2 =(@-b)@a-b)=ala->b)->b(a->b)
— a2 —ab — ab + b% = a® — 2ab + b?

In words, this result can be stated as :

(difference of two terms)® = (Ist term)* — 2 x 1st term x 2nd te rm + (2nd a:i&iﬂ

= —
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- 2
= In particular, (a_l) =a* -2 xa x l < i (1]

a a a
CIRE
= Ol =iasd — = 2
a a’ '
Expand the following :
2 2 2 ¢
(i) (3x+§y) & (5a+%] (iid) [\/5(”2 - 22]] |
q
2
Solution. (2) (336 + —y) = (8x)2 + 2 x 3x X —y + (%y) =Ox2 + Zxy + %vz.
2
(i1) [5ﬂ+—) -(5a)2+2x5ax%+[%] =25&£+30%+%'
2 2 p? B 2
pr )2 p* p . 2 2
1(31—5) [ﬁ[ }] 2(‘\/_) [ +q2]= {[?] +2}(—2-K?+[;2—]}

Expand the following :

~ (8 4 = ; g 8y X
(2) [gp - 2q) (z1) (ﬁa—ﬁb}z (7i1) (53‘ ¥ E) .
S < 3. ¥ 3 .
Solution. @ (3p-24) = (3p) - 2p5P x 20 + 207
9 NN
= =P* NP9 + 44"

@Zal - 2 x V2a x V3b + (V3b)’
a? — 26 ab + 3b2

2 2 , 2 2
3 2x %
(i) (———y] =(—} _zx—xf‘—ﬂﬂ+[i}’] v e

(i) (\2a—/3b)

Il

Il

% 3y 3y 2x 2x 9y? 4x
Using special expansions, find the values of :
(1) (1003)* (1) (10-2) (zi1) (998)°.
Solution. () (1003)? = (1000 + 3)*

= (1000)2 + 2 x 1000 x 3 + (3)*
— 1000000 + 6000 + 9 = 1006009.
(i1) (10-2)? = (10 + 0-2)°
= (10)? + 2 x 10 x 0-2 + (0-2)*
= 100 + 4 + 0:04 = 104-04.
= (1000 — 2)?
= (1000)2 — 2 x 1000 x 2 + (2)
= 1000000 — 4000 + 4 = 996004.

(iti) (998)°

“Since (a + b)? = a® + 2ab + b* a® + 2ab + b? is square of a + b.
‘We say that a? + 2ab + b? is a perfect square trinomial.
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Similarly, (@ — b)? = a? — 2ab + b? so a? — 2ab + b? is square of a — b.
We say that a®? — 2ab + b* is a perfect square trinomial.

Thus, if the given trinomial can be expressed as a? + 2ab + b? or as a® — 2ab +b% then

it is a perfect square trinomial, otherw1se 118 not“a pérfect-sqtrare-trmﬁmal

e e —— —

For example :
(i) In 922 + 30xy + 25y2%, 9x2 = (3x)?, 25y% = (5y)* and

2 x 3x x 5y = 30xy, so 9x% + 30xy + 25y* = (3x + 5y)*
The given trinomial is a perfect square.

(ii) In 16x2 — 56xy + 49y?%, 16x2 = (4x)?, 49y? = (Ty)* and
9 x 4x x Ty = 56xy, so 16x% — 56xy + 49y* = (4x — Ty)>.
The given trinomial is a perfect square.

(iii) In 36x2 + 30xy + 25y2 36x% = (6x)%, 25y* = (5y)* and
2 x 6x x 5y = 60xy, which is not equal to the middle term.
36x2 + 30xy + 25y? is not a perfect square trinomial.

Example 4. Write each of the following trinomials as a perfect square :

(i) 81x% + 90xy + 25y2 (ii) 9a2 — 15_2a ; %
Solution. (i) 81x2 + 90xy + 25y2 = (9x)% + 2 x 9x x 5y + (5y)* = (9x + 5y)*.
2 2
_ 12 S Dol Y. 2 2 ( ._E)
(it) 9a? =0 = (3a) 2x33x5+(5]_ 3a =
] - Ty ok 1
m If x — = = 8, evaluate o (R + —5 (1) x* + —.
X X o
1 1
Solution. (i) Given x — — = 8 =3 (x = ;] = 37
X

2
1
= x2—2xxx1+[—] =9
X _x

= x2—2+i2=9=> x2+i2=9+2=11.
X X

2
(1) From ()} 28+ L E S (::h%] = 112
X X
i L3
= A+ 2x0 X +[—§] = 121
X

X

1 1

= 2+ 2+ — =12 =t $ =2 S
X X

(i) Ifa + b =7 and ab = 10, find the value of a® + b>

(ii) Ifa — b = 5 and a? + b2 = 37, find the value of ab.
Solution. (i) We know that (a + b)? = a® + b% + 2ab
= T?=a?+b%+ 2 x 10
= 49 — 20 = a? + b?
= a? + b% = 29.
(ii) We know that (a — b)? = a® + b? — 2ab
= 52 =237 — 2ab
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= 2ab=387-25=12
= ab = 6.

y

|

- Solution. (i) We know that (a + b)*> = a® + b* + 2ab

N  (@+bP=34+2x15=34+30=64

e, — a+b=*J64 =+8.

(i) We know that (a — b)? = a® + b* — 2ab
— (@—-5b2=834-2x15=34-30=4
— a-b=%4 =12

PSSR 1 o> + b2 = 34 and ab =15, find the values of : ) a +b () a -0

| Example 8. Ifx? + - =18, find the values of : (7) x + % (ii) x — z

X

\2
Solution. (1) (x + 1) =x% + ;}-ﬁ- +2=18 + 2 = 20
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9, Use (a + b)* =a*+ 2ab + b* to find the values of :

(i) (501)° (ii) (1005) (iir) (10-3)
10. Use (a — b)* = a* —2ab + b* to find the values of : |

(i) (199)* (ii) (997) (iit) (9-8)%.
11. Write each of the following trinomials as a perfect square :

(i) 16x* + 40xy + 25)” (if) 4p* + 44p + 121

2
(iii) 9a2 — 42ab + 4952 (iv) 25m? — % mn o

e it % =4, evaluate :

e 1 Y 1

(@) 2>+ == (i) X s

X X

13. Ifp— ﬁ =7, evaluate :

() p*+ - (i) p* + —

i) pit 5 L

P . P o

15. Ifa+ b=9 and a* + b* =51, find the value of ab.
16. Ifa— b =15 and ab =4, find the value of a* + b*. 2
17. Ifa—b =6 and a* + b* = 42, find the value :
18. If &> + b* =41 and ab = 4, find the ve (Ya+b (ii)a-b.
19. Ifa® + b*= 67 and ab = 9, find the values of : ()a+b (ii)a—-b.

20. If2a+ L = 5, find the valuew

14. Ifa+ b =7 and ab= 10, find the value of a* + b°. &

2a
1 l
) Qg e i 4 —
(i) 4a i (ii) 16a i d
1
21. If3p— =l 1, find the values of :

l.(a+b+c)=a’+b>+c®+ 2 (ab+ be + ca) */
Simplifying the left hand side, we get
@+ b +c)?=[a+b)+cl] \
=(@+bP+2(a+b)c+c? a

= (a% + 2ab + b%) + 2 (ca + be) + c?
=a?+b%2+c*+ 2 (ab + be + ca).
2. (a+b)=a’+ b’ + 3ab (a + b)
Simplifying the left hand side, we get
(@ + b)? =(a +b) x (a+b)
= (a + b) (a® + 2ab + b?)
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=a (a® + 2ab + b? + b (a? + 2adb + b?)

= a® + 2a%b + ab? + a?b + 2ab? + b3

= a’® + b® + 3a%b + 3ab?

=a® + b% + 3ab (a + b).

. |4 % 1 1
In particular, [x+;) =x3+(—) +3xxx — x(x+—]

X X X

3
| =5 (x—i—;l;) =x3+xi3+3[x+%}.
3. (a-b)=a’-0b%>-3ab (a-0b)
Simplifying the left hand side, we get
(@ —b)> =(a—->b) x(a->b)
. = (a — b) (a® — 2ab + b?)
‘; = a (a? — 2ab + b?) — b (a* — 2ab + b?)
| = a® — 2a%b + ab? — a®b + 2ab* - b’®
= a® — b® — 3a?b + 3ab?
= a3 — b® — 3ab (a — b).

\3 3
In particular, [x—l = x3 — (l) -3 Xx X o (x—-l]
x ) x x 2
3
L (el
X ) x I:_
Expand the following : L
(i) (@ + b —c)? (i1) (x + 2y — 32)°
Solution. @) (@ + b —c)? = [a +F (—0)P

=8E% b2 + (—c)? + 2 [ab + b (=¢) + (-c) al
=a? + b2 + ¢ + 2ab — 2bc — 2ca.
(i) (x + 2y — 32)? = [x + 2y + (-32))*
= a2+ (29)% + (=82)% + 2 [x x 2y + 2y x (=32) + (-=32) x x]
= x2 + 4y? + 922 + 4xy — 12yz — 6zx.

Expand the following :

(i) (8x + 2y)? (i1) (2p — 3q)°.
Solution. () (3x + 2y)® = (8x)° + (2y)® + 3 x 3x x 2y X (3x + 2y)
' = 27x% + 8y® + 18xy (3x + 2y)
= 27x% + 8y® + H4x’y + 36xy>.
(i) (2p — 3q)® = (2p)® — (3¢)° — 3 X 2p x 3q X (2p — 3q)
= 8p® — 27¢® — 18pq (2p — 3q)
= 8p3 — 27q° — 36p*q + 54pq°.

() Ifa+b+c=9andab +be + ca = 15, find a? + b2 + 2.

' (f.i)Ifa+b+c=11anda2+b2+c2=81,ﬁndab+bc+ca.

Solution. (i) We know that (@ + b + c)l=a?+b%+c?+ 2 (ab + bec + ca)
— 92 =a2+b%2+c*+2x15
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= 81 -30=a?®+b%+c*
= a?+ b%+c* =051

(ii) We know that (@ + b + ¢)2 =a? + b? + ¢ + 2 (ab + bc + ca)
— 112 =81 + 2 (ab + bc + ca)

121 — 81 = 2 (ab + bc + ca)

2 (ab + be + ca) = 40

ab + be + ca = 20.

LY Ifa’+ b2+ c? =44 and ab + be + ca = 10, find a + b + c.

Solution. We know that (a + b +¢)? =a? + b2 + ¢? + 2 (ab + bec + ca)
=44 + 2 x 10 =44 + 20 = 64

— a+b+c=1/64 =18

Ifa+b=5andab=6,ﬁnda3+ba,

Solution. We know that (a + b)® = a® + b® + 3ab (a + b)
= H=a’+b'+3x6x5
= 125 =a® + b* + 90
= a®+ b3 =125 - 90 = 35.

i 4 4

f

y

TR Ifx— - =6, find the valud of x* — 13
X X

Solution. Given x — i 6 & '(x - —] = 6°
X

0 - 1
] i S/ S | x[:-:——] — 216

U

H’hl-

I
["‘ = | =
= |

0

. |
—3[x~-—] 216 |

X

- B2 _8x6:=916

= - =918 418 %

X ;
If 2p + -21; = 3, find the value of 8p® + B—;a‘.
. . 1 1 i i
Solution. Given 2p + o 3 = [Zp + 5] =98

3
1 1 1
3 —— i S -
= (2p) +[2p} + 3 x 2p % i x[2p+2p] 27

e et
= 8p +8p3+3[2p+2P]_27

!
: !
=:-8p3+——3+3x3=27 j
8p |
= 8p°+ —5 =27-0="18.
8p
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), 1f 3p — 49 = 5 and pq = 3, find the value of 27p® — 64¢°.

~ Solution. Given 3p —4g=5 = (3p-4q)P =75

(3p)® — (49)° — 3 x 3p x 4q x (3p — 4q) = 125
27p3 — 64q® — 36pq (3p — 4q) = 125

27p® — 64q9® — 36 x 3 x 5 = 125
27p® — 64q°® = 125 + 540 = 665.

L=
=

-y

| » (x+a)x—->b)=x*+(a—-b)x—ab
_b)x—-ab " (x-a)lx-b)=x*-(a+b)x+ab
= (@ + b)? =a®+ 2ab + b*

2

1

“[a+3) =a’+ 5 +2
: a a
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i : 2 i . 2 — 2 2 2 b ; b _. :c&
w |a-—| =a’+ 5 -2 w (a+b+c)P=a’>+b*+c?>+ 2 (ab + bc + ca)
a c .

w (a +5)°=a®+ b®+ 3ab (a + b) w (@ —b)=a®-b*—-3ab (a — b)

3 3
1 1 1 1) A1 ( 1)
=3 il — — X —— — _—— - K=
G [x+x) T Ia +3(x+x) 5 [ X . ® x3 3 X

1. Find the following pmduets oy
(1) (2x-3y) (5x —8y)

[ i p .. ; .. . . 4 -. .J- : ‘,"l . ) :. 'I g IL v ¥
(III ' RN — -._. "+I N { . : A £ 'I .I 1 "1I.1I -I-. . :I-r. -" ( : '-H N %I
Sl R A
£ F - - . -‘- » P . :“

2. Prove the fo llﬂmg 1dent1t~1&3' AT
(i) (a+ by +(a—bP=2(a+ b*)
(iii) (a + b) (a* —ab + b) = a® + b '. @ﬁl( 6
™) (@a+b+c)(@+b+c— ﬂb bc;—- ca}-_. T
3. Expand the following : : Vel
(i) (5a + 2bc)?
(iv) (3x — 2y — 1)?

4. Simplify : [2x - -;;) = (2:: +-1— ;; I-If‘_:i-"-f =N

5. Simplify : (x +y + 1) (x +p - 1)
6. Ifx—-——-s/_ ﬁndthevaluewfb

Q!M%

B : Bl

(I) a-+ b | o AN
8 It + x—z =47, find the Valgs'of : S5 e o TSR

(‘f) lI:'l'- i- 5, +'
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